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Abstract. In this communication, we use the strong stability method
to approximate the characteristics of the M3/G/1 queue with preemp-
tive resume priority by those of the M /G /1 one. For this, we first prove
the stability fact and next obtain quantitative stability estimates with
an exact computation of constants.
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Abstract. Queueing networks are known to provide a useful modeling
and evaluation tool in computer and telecommunications. Unfortunately,
realistic features like finite capacities, retrials, priority, ... usually compli-
cate or prohibit analytic solutions. Numerical and approximate compu-
tations as well as simplifications and performance bounds for queueing
networks therefore become of practical interest. However, it is indispens-
able to delimit the stability domain wherever these approximations are
justified.

In this paper we applied for the first time the strong stability method
to analyze the stability of the tandem queues [M/G/1 — ./M/1/1]. This
enables us to determine the conditions for which the characteristics of the
network with retrials [M/G/1/1 — ./M/1/1], can be approximated by
the characteristics of the ordinary network [M/G/1 — ./M/1/1] (with-
out retrials).
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Performance Evaluation in a Queueing System
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Abstract, In this communication, we use the strong stability method
to approximate the characteristics of the M. /G /1 queue with preemp-
tive resume priority by those of the M /G /1 one. For this, we first prove
the stability [act and next obltain gquantitative stability estimates with
an exact compntation of constants.

Keywords: Strong stahility. Approximation, Preemptive priority,
Markov chain.

1 Introduction

Cueneing phenomena oceur in several real situations when resources can not
immediately render the current or the kind of service required by their nsers.
The theory of queues is particulary well adapted to the study of the performance
of computer systems and communication networks, Such systems olten trait
classes of request of different priorities. Nowadays, the introduction of priorities
in such svatems is frequent and often motivated by the need to increase their
performance and quality of service, A complete presentation of the area was
the subject of monographs of N.K.Jaiswal [[] or of B.V.Guneedenko and al 5.
Nevertheless, these non markovien systems are complex then difficult to stady
and their characteristic are obtained in a very complicated way of the paraimeters
of the system m ;

In addition, the including some complex systems in gqueueing networks, dos
not allow the use of the existing quencing networks models (with product form
solutions). This why it is interesting to study the proximity of characteristics
of some complex systems by those of the simpler and more exploitable one.
The purpose of this paper is to obtain the conditions and estimations of strong
stability of an imbedded Markov chain in an Ms/G/1 system with a preemptive
priority. This is to approximate this system by the M /G /1 model. Indeed, the
characteristic of the queue M/C//1 are obtained in an explicit form and this last
allows the nse of the product form solntions.

In the stability theory, we establish the domain within a model may be used
as a good approximation or idealization to the real system under considera-
tion. The stahility methods allow to investigate qualitative proprieties of the

H.A. Le Thi, P. Bouvry, and T. Pham Dinh (Eds.): MCO 2008, CCIS 14, pp. 224 2008.
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system, in particular its robustness. In addition, using these approach, bounds
can be obtained in an explicit form and approximations can be made rigonrously
[L3l. Indeed, measure of robustness of the svstem also need to be evaluated in
comparison Lo the often studied measures of performance and efficiency [I11. The
first results on the stability have been obtained by Rosseberg [[2], Gnedenko
[Bl. Franken H] and Kennedy [Ill]l. Afterwards, several papers have considered
various situations and varions approaches. Stoven proposed the weak conver-
gence method [[3] used to investigate proprieties of stability of homogeneous
Markov processus, Kalashinkov and Tsitsiashvili proposed the method of test
functions which consist in constructing a test function allowing to compare
the behavior of the perturbed system (real model) with the non-perturbed sys-
tem (ideal madel). Borovkov proposed the renewal method [l whose advantage
comes from the fact that it allows to obtain theorems of ergodicity and stability
with minitnal conditions, Zolotariey and Rachev proposed the metric method
(4 . . Ipsen and Mever proposed the uniform stability method whose
aitn to analyze the sensitivity of individual stationary probabilities to pertur-
bations in the transition probabilities of finite irreduetible Markov chains. Kar
tashov and Alssani proposed the strong stability method E] In contrast to olher
methods, this technique suppose that the perturbations of the transition kernel
(associated to the Markov chain describing the system) is small with respect
to a certain norm. Such striet conditions allows us to obtain better estimations
on the characteristics of the perturbed chiain, This article is strutted as [ollow,
In the section 2, we clarily the Markov chains and their transition operation
dlesceribing the system and the basic theorems ol the strong stability method. In
the section 3, we prove the strong stability in an M/G/1 queue, On other words
we clarify the condition under which the M/G/1 system can be approximate the
M; /G /1 svstem with priority. The section 4 gives the error of approximation on
the stationary distribution of the number of request when the intensity of the
Anx is sufficing small.

2 Description of the Systems

Let us consider a queneing system M>/G /1 with preemptive priority. Priority
and non priority request arrive at service mechanism in poisson streams with
mean rates Ay and Az respectively. The service of priority and non-priority re-
quest are distributed with probability density b(f). The service of a non-priority
request may be interrupted by the arrival of a priority request. When the later
completes its service, the interrupted begin again its service if no priority request
are waiting. The service time of the non pricrity request up to the interruption
is distributed with probability density *(t). The state of the M5 /G/1 queneing
system with preemptive priority at time t can he deseribed by nsing the method
of imbedded Markov chain, for this we define:

X,fl 41+ the number of priority request (respectively non-priority request) in the
gystem at mstant &,4.

P : bty is the instant of "end of service” of priority recuest.
XL #0080, it tant of "end of ' of priority request
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If X,ll = [: t; 1 is the instant of end of service of non-pricrity request” or "instant
of interruption of priority request”

Al 1. i=1,2:is a random variable that represents the number of the priority
(respectively non priority) request arriving during the (n + 1) service.
- If £, ,is the instant of the end of service of priority (respectively non priority)
request, the distribution of A% |, i =1,2is:

af = P(AL ., = k) = [ & o-Ntyyde. i = 1,2

Iftuy is the instant of 111t1:'1111pt1-:::11 the distribution of A?

al = PlAL 1. =1y= 5 dat e f)di.

The random variables A} ;. A2 | are independent between them.

1 18:

Lemma 1. The sequence (X}, X3,,) forms a Markov chain of transttion
operator Py (i, j)i j=0 defined by:

(o oo (AR Gt (A Al
J0 fi— &4 1M [4 -1l e I ﬁl{i‘-]lr]rf.'_,

ifR>04=20L120,iz2k-1.

o [ e ()t [ i%§L¥T-TT-F‘AQ'ﬁ[L}df
T (e (e [ B2t —ratgr )y,

i— — )l
PesGiff =4 if 211, k=0,4=0, {0,
A roa (A ,:-.“”.' e 5,
= :.J - P22ty (i)dt | — +x %

x[[;" e “*h{r}frr’“w “Aath(t)d
+ [ (at)e Mt ()t [[F Bae2 ()],

Lif i=0,§>0, k—l]_ 1= 1.

Proof. In order to calenlate Py (i, j); ; we consider the different cases:
. : 1 2
Casel : X;#0, X3=0
In this case {,,+, is the end of service of priority le.th‘E. and the sequence
; = XY= X)4 A
{;"-:1 Ll -Tfr--]J I= given by : { ”“

41 L,
The probability of transition P (i, j) is:

Y,“l ‘f‘ F A2 .

w Q)= Q) IR
.I!J‘J.,-.,I'(-;-._.;f:] P'[-'l 4 —i—k+1, _1‘?1'1'1 U f{t T “ — f]f f!l:r']iﬁ

Lyl 2
Case 2 : X, =0, X510
If £, 1 is the “end of service of non-priority request”. the sequence
. Xy =0,
(X g, X2 1) i8 gi"r'nll by : { rl o 3
T it %y X e _l :
That explains A :* no priority quﬂmt qmw-q cimnw the service of the non-
priority request”, The 1)]111‘:&]?1111’._‘5 of Ais: P(A) = llr -~ AT h(t)dt,
If £,4+1 is the * instant of interruption of priority m:;lmnt’._ the sequence
X ey=1,

1 2 1 ] A o nil ]
{X” |1t ‘]{” ]] I EVEL h}l {Xu-. 1 "ere + “1':I‘:|



228 N, Hamadouche and D, Ajssani

The transition operator ﬁk_;[i,.j] is given by :

f . i ., : )
./ ‘—’;;L”,- ‘)t ifi=k—1, g=1, k£0, 120,

ol %r'“fh[t]di, iF1<I<itl, k=0,i=0, [#0,

Py (i, 3) = 4

o[ L"—?LL Mgyt if iz 0, 520, k=0, 1=0,

L ® 0  otherwise.

To estimate the difference between the stationary distribution of the chain X, —
(X1, X2 .)inthe My/G/1 and X, = (X] (1s X2 ) in the M/G/1 system,
we apply the strong stability criterion.

3 Strong Stability in an M,/G/1 Queue with Preemptive
Priority

In this section, we determine the domain within the system Ms /G/1 is strongly
r-stable after a small perturbation of the intensity of the priorvity Aux.

Theorem 1. Let us denote 3y — sup(3: f(AF — A) < )
e X\ E(I7) =1

e 3a>0 suchas E(e®V) = Jun e" blu) du < oo.

Where infroduce the following condition of F-'TT,I:‘J(J!M ity, then for all 3 such that
1 < 3 < a, the imbedded Markov chain X, — {Xl .1.3] is strongly stable

S FlAzf— ,11_,? i f{h:l.;-- As)

for the function -a'[*.r j) = a'@. where o = < | and

08— Aa) = [ e¥s8 Ahub(u)du.
[

Proof. To be able to prove the v-stability of the M /G /1 queue with priority we
choose:
Vi, j)=a"x #, a>1, 3>1. h(k, 1) = 1o =g
and a(i, j) = Py0(0,j); where Py (0, J) = [> “‘}” e A2 B ) et
We apply theorein m
wh= 3 3 i, Dheq =Fop0 =122 >0

=0 =0
al= 3, }, afi,j) = Z j|m adl o datp(t)dt = ju tydi = 1.
izl §=0
ah = 3 3 g ihey Uu,u{fw i) = P3o(0, §) > 0.
E=0i=0 '

Verification of a. We have two cases: k=0, 1=0

Ty o(i, 3) = Poo(0,7) — 1P5.0(0,7) = 0 > 0.
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Because |

oSV il ) = 1TV (R, Dl < p VK, D).

i>0 §=0

[k, 1)
hik., 1) |, = supsup
WP = swpeme o oy =

ek, Dlle = > a® # Pa(0,5) = > / “” ﬁ et b(t) dt — f(AB—A)

=0 =

Therefore. |15k~,;| < 13 _f{)x,.':i'- M) < oo,

3.1 Estimation of Stability

In order to obtain the error due to the approximation of the svstem M5 /G/1 by
the M/G/1 one, let us estimate the norm of deviation of the transition kernel.

Estimation of Deviation of Transition Kernels
To estimnate the margin between the stationary distribution of Markov chain X,
and X,,, first we estimate the norm of the deviation of transition kernels.

Theorem 2. For all 3 and o, suchas 1 < 3< o, || &l =] P— P |l < D
Surh that,
L= max{ K, Ka. K3} (2)
K= Al /“‘: elo Tt =100t gy a [T e B(L)dt /"“‘ eI
/5.1—/1’!.2 a }n1+f"131|_. Ju

LA e [ st
A+ Az j Arter “}”j: ‘ ro

] o) - e ] [ =
f e M b(e) n’a’j et IRt byt + Aqte J'”h‘[ﬁ]fl"i’f el =VAatpe iy
4] af L

1 oz : : ] b : ]
Ry [ / gla—TA BTty | ] L TEA T
M il

€ ]

We must choose smallest of the estimates obtained in { K, K, K3, }.

These intermediate results allow 1s to consider the problem of obtaining es-
timates of stability, with an exact computation of the constants. for this, we
introduce:

m(i, 7): the joint stationary distribution of the process of number of request of
the priority and non-priority of the system M;/C/1.
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i, 7); the joint stationary distribution of the process of the number of the
non-priority request of the system M/G/1

Generating Function

In order to estimate the norm ||%||,, necessary for the obtaining of the stahility
inequalities, let us caleulate the generating function IT(Z, Za) of #

Theorem 3. Let us note IT(Z,.Z3) the generating function of the (i, )
(stationary distribution of the M/G/1 system).1f the two conditions of ergod-
icity are verified:

(U)y <1
3 a >0, suchthat E{e™) = Jlr”ﬂﬁc e h(u)du < oo.

We have the eguality: II(Z,, Z3) = "”?j“r!j‘f“;zdz*‘f’*(l - 42),
12— 23— AR

Where o
F(A2Zs — M) = f 2=t pipyd, (3)
0
awrid -
p= Elu) = [ £ bit) dt. (4)
o
Proof. II(Z,,Z,) =3 Zi (i, Z3) = (0, Z2) + 3 ZiH(i, Z3)
i) izl
Where {I(i, Z3) = 3 :"rl[i,_jlzé".
=0

IFrom the transition of the transition kernel, we have:

(i,4) = ZZ (k)P (i4) = Lo 70, ) Poa(Dd) + Lia 3 71(0,1) P (0, 5)

1)
Fliza 3 > kNP,
k=0 =0
Fori—1
#0.4) = #(0, D”m m 1) —Aa th(t)dt + Z (0, .f}jlf‘D %c‘"ﬂb{i}dt

=1

"
+ 3 &L ST %n-“b t)dt.
=0

Using the method of peneratine lanctions, we obtain;

— f(MaZy— ) } | — Zaf(XaZ2 — Aa)

(1. Z,) = (0, z‘q Sedtits #(0,0)
f’f("lzﬁ.’—f"’-z} Zuf( Aoy — Ag)
Fori=0
w(i,j) = X wlk,1) “*%—L‘J,T.—Asfb{ndf
Anud, =
(1, 2.)

(i, Z2) = M(i+1,2Z0)f (A2 Za — Xg) = [T{i, Zy) =

fimt(AaZs — Aa)
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If there is no priority request in the system (when # = 0), we are in case of the

system MG /1.

0, Z;) = (Z2 — 1) (A2 - ”fr{nf:}] (5)
Zy — [(AaZa — Ag)

This is the Pollatchek- Khinchin formmla,

3.2 Inegality of Stability

In the following theorem, we calculate the error due to approximate My /G/1
system by the M/G/1 one on the stationary distribution.

Theorem 4. Suppose that in a system M,/G/1 unih preemptive priorily, the
conditions of theorem Q) hold. Then, ¥3 and o, 1 < 3 < a.; we have the
cstimation

[ — &l = W, (6)

Where,
Wo=D(1+W)W(l—-p-(1+W)D) !,
W ={(3-= 1)1 - kg;’;{}-]-_’f—ﬁ.
D = min{ K, K3, K3}.
and p, y are respectively defined in ﬂl?ﬂ;'

Proof. To verify the theorem [ @), it is sufficient to estimate | x|, and ||1||,, where
1 is the function identically equal to unity. ||7||, = Y. 3 wli.j) @i, 7. )|, Where

iZ0 =0

v(i,j) = a'#.

T R _ 8=0Ffa8-3a) 1 _ Axy _
From @3, we have, ||7]]. = I v (1 IJ )=W

1]l = supsup == < 1.
k=0 =0

By definition, C =1 | || T ||o]| 7 |lo =1 + W. And, || & || < 2.
Thence,

| 70— e = D(1L + WIW({l— p— (1 +W)D)~L.

4 Conclusion

In this work, we are obtained the measurement and performance of the systems
of queues with preemptive priority, We were interested in the study of strong
stability in a system M. /G/1 with preemptive priority, after perturbation of the
intensity of the arrivals of the priority requests. We clarified the conditions of
approximation of the characteristics of the system of quene M /G/1 with pre-
emptive priority by those corresponding to the svstem of quene M /G/1 classical.
The method of strong stability also makes it possible to obtain the quantitative
estimates of stabilitv. We obtained the inegmalities of stability with an exact
caleulation of the constants.
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Abstract. Queueing networks are known to provide a useful modeling
and evaluation tool in computer and telecommunications. Unfortunately,
realistic features like finite capacities, retrials, priority, ... usually compli-
cate or prohibit analytic solutions. Numerical and approximate compu-
tations as well as simplifications and performance bounds for queucing
networks therefore become of practical interest. However, it is indispens-
able to delimit the stability domain wherever these approximations are
justified.

In this paper we applied for the first time the strong stability method
to analyze the stability of the tandem queues [M/G/1 — ./M/1/1]. This
enables us to determine the conditions for which the characteristics of the
network with retrials [M/G/1/1 — ./M/1/1], can be approximated by
the characteristics of the ordinary network [M/G/1 — ./M/1/1] (with-
out retrials).

Keywords: Queueing networks, tandem queues, Stability, Retrials,
Blocking, Markov chain.

1 Introduction

Tandem queueing systems arise in mathematical modeling of computer and com-
munication networks, manufacturing lines and other systems where customers,
jobs, packets, ... , are subjected to a successive processing. Tandem queues can
be used for modeling real-life two-node networks as well as for validation of gen-
cral networks decomposition algorithms [6]. So, tandem queueing systems have
found much interest in literature. The survey of early papers on tandem queues
was done in [8]. The most of these papers are devoted to the exponential queue-
ing models. Over the last two decades, efforts of many investigators in tandem
quenes were directed to study a complex two tandem queues. In particular, when
priority, retrials, non-exponentiality of the service, ... arises in this networks. In
this cases more often than not numerical and approximate computations as well
as simplifications and performance bounds for queueing networks therefore be-
come of practical interest. However, it is indispensable to delimit the stability
domain wherever these approximations are justified.

The stability analysis of queueing networks have received a great deal of at-
tention recently. This is partly due to several examples that demonstrate that the
usual conditions " traflic intensities less than one at each station” are not sutficient

H.A. Le Thi, P. Bouvry, and T. Pham Dinh [Eds.): MCO 2008, CCIS 14, pp. 520-529, 2008.
@© Springer-Verlag Berlin Heidelberg 2008




Stability of Two-Stage Queues with Blocking 521

for stability, even under the well-known FIFO politics. Methods for establishing
the stability of queueing networks have been developed by several authors, based
on fluid limits [2], Lyaponov functions [5], explicit coupling (renovating event and
Harris chains), monotonicity, martingales, large deviations, ....

The actual needs of practice require quantitative estimations in addition to
the qualitative analysis, so in the beginning of the 1980’s, a quantitative method
for studying the stability of stochastic systems, called strong stability method
"also called method of operators” was elaborated [1] (for full particulars on this
method we suggest to see [9]). This method is applicable to all operation rescarch
models which can be governed by Markov chains.

In this article, we follow the strong stability approach to establish the stability
of a two tandem queue with blocking in order to justify the approximation
obtained by E. Moutzoukis and C. Langaris in [13].

The important feature and main originality of this work is that : since we es-
tablish the strong stability of the two tandem queues without intermediate space
; the formulas for the characteristics of the ordinary model (without retrials) can
be used to deduce the characteristics for the retrial model.

2 The Real Model

We consider a two single-server queues in tandem with blocking and retrials.
Customers arrive at the first station, one a time, according to a poisson distri-
bution with parameter . Each customer receives service at station 1 and then
proceeds to station 2 for an additional service. There is no intermediate waiting
room, so a customer whose service in the station 1 is completed can not proceed
to the second station if the later is busy. Instead, the customer remains at station
1, so the last is blocked until station 2 becomes empty. The arriving customer
who find the station 1 busy or blocked behave like retrial customer, he does not
join a queue but he is placed instead in a hypothetical retrial quene of infinite
capacity and retries for service under the constant retrial policy. According to
this policy, the parameter of the exponential time of each customer in the retrial
group is &, where n is the size of the retrial group. Thus, the total intensity is
(for the different interpretation of the constant retrial policy see Farahmand [4]).
If the server of station 1 is free at the time of an attempt, then the customer at
the head of the retrial group receives service immediately. Otherwise, he repeats
his demand later.

The service times at stations 1 and 2 are independent and arbitrarily dis-
tributed random variables with probability density functions b;(z), distribution
functions B;(z) and finite mean values i, for i = 1,2, respectively.

2.1 The General Process

Let X (t) represent the number of customers in the retrial box at time ¢, and for
=12
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04f the I server is idle at time t.
fi(ff) = 4 1if the I server is working at time t.
2if the I server is blocked at time t.

the considered model is completely describe by the regenerative process V(t) =

(X(@®).6'®),€()) .

2.2 The Embedded Markov Chain X

Denote by d,,,n € N, the instant, of the nt" departure from station 1. We assume,
without loss of generality, that dy = 0. If we denote Vo = V(d, +0), then it is
clear that: V,, = (X (d. +0),£'(d,, +0),£2(d,, + B =12, 0/0].

So, the process V,, is a semi regenerative process with embedded Markoyv
renewal process (X, D) ={X,,d,:ne N }. The last process is an irreductible
and aperiodic Markov chain with the probability matrix P = {pij }, where:

[f{}% (_);:Li}:e_ht.fo(i)dfa JorGi=1;

Jo™ e A tde+

Pij = J +‘f0m %%I—le_’“fg(t)dt: Jorl<i<j41
I e fa(t)dt, fori=3+1.

0, otherwise.

where :
Ho(®) = [;° Ae L (B1(t) Ba(t + w)) dw,
A1) = [~ Aem O A (B () By (¢ + w)) dus,
F2(t) = [5° ne= CHHY L (B (1) By (t + w)) duw.

We define the function: 1, (s) = ._]E]OC ue™"dw [ e~ **d,, (B (z)Bs (z +w)) and
we denote : _
Uy = :d?i—%“’—) lemgs 0= ,\_?? o e =l o P X — K|S ke N
If the intensity of the system p* < 1, the Markov chain X, is positive recur-

rent. In this case, the generating function I(z) = Z;:“__O 2" is given by:

2PA(A = Az) — (A2 ) g5y, (0 — A2)
I(z) = d - (1)
= 10,
i (}f:,fé) Datu(A — Az)

. 5= s
where: Ty = lim P [Xn = O] = T__T—f—_);\—
T —+ 00 == p ’U)\

(2)

3 The Ideal Model

We assume that the mean retrial rate in our real model tends to infinity. So,
the customers in the retrial orbite try continuously to find a position for service
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and they become ordinary customers. It means that if g — oo, our real model
becomes the simple model of two queues in tandem without intermediate room,
it will be referred to as an ideal model.

Now, let X (¢) denote the number of customers in the first queue of the ideal
model at time ¢ and for [ = 1,2 we consider:

0if the '™ serveris idle at time t.

§(t)§ Lif the '™ server is working at time t.

2 if the [** server is blocked at time t.

Our ideal model is completely described by: V (¢) = (f(t),gl (t),? (t)) :

3.1 The Embedded Markov Chain X,
It is clear that X,, = (X, D) = {X,,,d,,,n > 0} is the embedded Markov renewal
process of the semiregenerative process (Y(t),gl (£ Ez(z;)) . We suppose that the

intensity of the system p < 1, then X, is an irreductible and aperiodic recurrent
Markov chain with transition probability matrix P = {p,; }, where:

. [Ox (A:r)—? C_)\i,f{_](t\)dt. e [].,

— y F3—k-1
Py =\ 0" Gormre M (Bu®)Bo(¥) , 1 i < j+ 1,

0, otherwise.

In this case the generating function of the v.a. X is defined as:

T (z) = Lm0 H(z) = 202000l o

) z—(A—Az)
T = ko V(&) = [5° e7%d, (Bi(1)Bs (1)),
= —Ad'“;i“‘) lamti= /\fUDC td, (B1(t)Ba(t)), We suppose that the retrial

rate tends to infinity and to characterize the Pl'oxirrlity of the ideal and real
model we define the variation distance: W = [["° | fo(t) — & (By(t)Ba(2)) | dt.

4 The Strong Stability

This section contains preliminary results that arc needed in the constructive
proofs of the main theorems, given in the next sections. Let (E, ¢), a measurable
space, where € is a g-algebra denumbrably engendered. We consider a homoge-
neous Markov chain ¥ = (Y;,¢ > 0) in the space (E,¢), given by a transition
kernel P(§, A),§ € £, A € = and having a unique invariant probability v.
Denote by me(me™) the space of finite (nonnegative) measures on e and by
fe (fe™) the space of bounded measurable (nonnegative) functions on E. We
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associate to every transition kernel P(x, A) in the space of bounded operators,
the linear mappings Lp and L5 defined by :

Lp:e— me S fel— fe

p— [pp(de)P(z,A),A€e f— |z Px,dy)f(y),z € E.

We also associate to every function f € fe the linear functional f : g — pf such
thet: uf = plde)f(A) we B Ace
We denote by f o p the transition kernel defined as the tensorial product of
the measure ;1 and the measurable function f having the form:
Flmu(A) & c'E A g
We consider, the Banach space M = {u € me/||p]| < oo}, in the space me de-
fined by a norm ||.|| compatible with the structural order in me, ie. :

”P:J ” é “#fl 5 .-U‘ZZH: fOT i = P‘J—i_w?: . ]-: Q:
leall < llwa —pa2ll, for p € MT,6=1,2; pa Lpo,
| ] (B) < kllll, for e M,
where | g | is the variation of the measure p, k is a finite constant and M R
me" .M.
The family of norms ||uf, = [yo(x) | p | (dz).Vu € me, where, v is a
measurable function (not necessary finite) bounded from bellow by a positive

constant, satisfy the above conditions. With this family of norms we can induce
on the spaces fe, M the following norms:

_ 1 : : ! _
|Plle = sup{||wP||s, |ulle < 1= sup —/ | P(z,dy) | v(y), (3)
ek V() JE

I Flle = sup{| uf |, llulle <1} = e | f(z) | - (4)

( )

Definition 1. [1] We say that the Markov chain Y, with a bounded transition
kernel P, and a unique stationary measure v, is strongly v-stable if every stochas-
tic kernel Q in the neighborhood {Q : |Q —P||c < €} admils o unique stationary
measure 7 and :

lv =7l — 0 when [[Q—="P|.,—0

Theorem 1. [1] The Harris recurrent Markov chain Y with a bounded tran-
sition kernel P, and o unique stationary measure v, is strongly v-stable, if the
following conditions holds:

1. dae M',3he fer/rh>0,al=10h >0,

2. T=P—hoa>0,

3. v <1/ To(z) < yv(z),Vx € E,

where 1 is the function identically equal to 1.
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Theorem 2. Under the conditions of the theorem (1) and if A (the deviation
of the operator transition P) verifying the lcon(j?lt’é(m |4l < %, we have:
lv = 7llo < [|Aflull]l.C(1 - v) o O=1+]|Tl[v..

5 Stability of the Ideal Model

We define on £ = N the o-algebra & engendered by the set of all singletons
{j},7 € N. We consider the function v(k) = 5%, > 1 and we define the
norm: |||y = X senvld) | o] ({4}1), Y € me. We also consider the measure

Tikhity = )

a9 = @5 = Py;; and the measurable function (i) = {0 e

Using the assumptions we obtain the following lemmas

Lemma 1. Let T the stationary distribution of the Markov chain X ,, then:
al=1, ah >0 and o7 > 0.

Proof. 1t is easy to show that :

e al = Z;io ali) =D 0; =1 ‘e ah— Zmo a({7iHh(j) = poo > 0.

o Th=73"qTih(i) =To = =755 > 0.

Lemma 2. Suppose that the following conditions holds:

) O " ud (B; (1) Bs(u) )) < 1. (Geometric erqodicity condition).
2. Hai O/f ‘“‘d (B1(u)Bsz(u)) < 400, ( Cramer condition).

3. fo t' f2( ) i (Bl(‘t)Biz(t)) ] dt < %
then, 38 > 1 such that:

R b o [T Q820 | fo(t) — & (By(t)Ba(t)) | dt < BW.

Where W is giwen by the formula (8.1).

Proof.
e We consider the function: K () = (A — A3). K is continuous differentiable in
[1,d],s0: K'(B) = X [,F*° 1e3F-Ntg, (B, (1) Ba(t)),
K”(B8) = X2 [ t2ePe=Ntq, (B1(1)Ba(t)),
then, K is a strictly convex function in [1, a]. We define the function :

L(B) = BB = L [F° cO8-Ntg, (B (2) By(2)) .

For f=1, L(1) = 4(0) =1 and forl <8 <o, LG = ’\ﬁU(A_)"?};wu_’\m ;
From the ﬁlst assumption WO have:
L'(1) = M (0) — 4(0) = A [,° ud (B1(u)Ba2(w)) — (0) < O.
So in the vicinity of 1, L is decreasmg Then, 46 > 1 such that:
L(8) = Lil)=s L8] <1, go1: S8 —%ﬁ < 1. Moreover, let’s consider:

Gpi= supH G d(A8—A) < 1}, 1< fy < Foc! (5)
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The convexity of the function K(/3) imply that :
VAL —=A) < B,YBEL Bo] = P(AB—A) < P,

e We put : (A3 — ) = f0+oo eMI=NE | f5(#) — L (By(t)Ba(t)) | dt and we
consider the function 2(8) = p(A — AB).

For B=1:0(1) = p(0) = [;F°| fa(t) — & (Bi(t)Ba2(t)) | dt = W.

For 1 < 3<a, §21s continuous and differentiable, so: 2'(3)= £ (’gf(m_?;;@(w =,
The functions ¢ and ¢’ are continuous, then:

Jim, 2(8) = lim [A¢'(A8 - ) - e(A=28)] = X' (07) — o(0h) (6)

(07T )= ;rmt | f2(t) — £ (B1(t)Ba(t)) | dt and p(0T) = W. From the third
assumption we have

Mo Tt A1) - & (Bu(t)Ba(1)) | dt < W,
so £2/(1F) < 0 then c,o(ﬁ) (1) < 0 in the vicinity of 1. It means that 33 > 1

such that £2(8) = (Aﬁ L < W

Lemma 3. The operator T =P — hoa is nonnegative and Iy < 1, such that
Two(k) < ~v(k) for all k € N.

Proof. We have T(i,{5}) =T.; = p;; — h(i)a({5}), so :
i 0, e gk
Tij = {}_)?:j SO = T is non negative.
Let’s compute Tv(k):
If k=0, we have Tw(0) = 0. If k £ 0, we have :

To(k) =Y BTyl <k <j+1,

j=0

o0
_ g1 /U M=Vt (B (H)By(t)) = B 0(A — AB).

We consider that v = QQ‘%B) From the lemma (2), 33 €]1, fo] such that v < 1.
So, there exists § with 1 < § < Jy such that:

Tu(k) < yo(k), ¥k € N,y = __w(/\ﬂ/\ﬁl

Lemma 4. The norm of the transition kernel of the chain X, is bounded.

(7)

Proof. We have: |[P|| = |T +hoally < [Ty + 1Al ]lolo.

=5 1 =
o| 7|, =sup —— (i) Ly =< 1,
Tl =3 25 206} T =9

ol =sup1/o(k) = 25 =1,
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PP LT
“lallo =>4 | EE o goeyar - | ety <o

j=0

50
with F(t) = / Ne=Aw (B1(t)B2(t + w)) duw.
Jo

Sor [ Plect 14 8s < 00

Theorem 3. In the two tandem queues with blocking, the Markov chain X,
representing the number of customers in the first station at the instant of the nth
departure from the first station, is strongly v-stable with respect to the function
v(k) = B for all 1 < B < [By. Where By is given by the formula (5).

Proof. The proof arises from the theorem 1. Indeed, all necessary conditions to
establish the v-strong stability required in the theorem 1 are satisfied and are
given by the above lemmas (1), (3), (4).

6 Deviation of the Transition Operator

Lemma 5. Let P (resp. P) be the transition operator associule to the Markov
chain X, (‘resp. Xp). Then: |P — _PHU S WA [ e PR f (e

Proof. We have :

) ) 1 . " i ; i
|P —P||, = sup N0 D v(i) | prj — B Liglg = ;ﬁj | Prj — B |

k20 PAR) 550
_ 1 j =
=sup | 0, sup T E B | Pri —D; | | 5
k=0 | ;
3=>0

We put Q(k) = ijn B3 kaj —3_3;;;;‘ IEk#Owehave 1<k <j-+1,s0:

Q(k) = Z.Bj | Pij — Pij |= Z B | prj — Py |

Jj=0 J=k—1
= )Gk_] |p:"\’3]€—1 _f_)kk—-l | A= Z,B! |pk3 _ﬁij |;
i=zk
o €PN B () — 4 (By(9)Ba(t)|dt [
Sﬁk .[0 € |f2( ) - dt( 1( ) 2( ))‘ 4 /0 e(ﬁ)\—)\){.f] (t)dt |

Using the lemma (2), we obtain: R
HP = FHw < W+ [ e B £ (0)dt, withy it e /5 piPASM IR (h)it — 0.

7 Deviation of the Stationary Distribution

Theorem 4. Let’s 1 (resp. ©) the stationary distribution of the real model,
[M/G/1/1—./G/1/1] with retrials, (resp. the ideal model [M/G /1 — ./G/1/1]).
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For 1< B < By and |4, < ET_;}E , we have:
lm — 7o < co(l +eo)|Aflo(l —v— L+ CO)HA”'L-)_]-. where ¢y = ‘———m('\?_}‘) —L.

=4

Proof. From the theorem (2) we have :
i) S \—1
I =7l < [ ANlIFIC (L =7 = CllAl) ™

Or we have : |7, = > 50207 = ()
- B (AB—N)—p(AB—8) _ ¥x(AB=X)—x — 5

B=1(A3—A) =
and || L||, = supy>q 4 =1 So:
C =1+ |I.l7le =1+ w’\()\l;_f)_i = 1+ ¢y. Finally, we obtain :

I =Flla < cold + ol Allu (L =7 = @+ co)l|All) -

8 Conclusion

This work is a first attempt to prove the applicability of the strong stability
method to a queueing networks. We have obtained the conditions under which
the characteristics of the tandem queues [M/G/1/1 — ./M/1/1] with retrials
can be approximated by those of the ordinary network [M/G/1 — ./M/1/1]
(without retrials). This allow us to justify the approximation established by E.
Moutzoukis and C. Langaris in [13].

In term of prospect, we propose to work out an algorithm which checks the
conditions of approximation of these two tandem queues and determine with
precision the values for which the approximation is possible. It will also determine
the error on the stationary distribution which had with the approximation.
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Performance Evaluation in a Queueing System

My/G/1

Naima Hamadouche! and Djamil Aissani®

Laboratory of Modelisation and Optimization of Systems (LAMOS)
University of Bejaia 06000, Algeria
naima maths@yahoo.fr, lamos bejaialhotmail.com

Abstract. In this communication, we use the strong stability method
to approximate the characteristics of the M3/G /1 queue with preemp-
tive resume priority by those of the M /G /1 one. For this, we first prove
the stability fact and next obtain quantitative stability estimates with
an exact computation of constants.

Keywords: Strong stability, Approximation, Preemptive priority,
Markov chain.

Stability of Two-Stage Queues with Blocking

Ouiza Lekadir and Djamil Aissani

Laboratory of Modelization and Optimization of Systems
Bejaia university, Algeria, 06000
ouniza lekadir@yahoo.fr

Abstract. Queueing networks are known to provide a useful modeling
and evaluation tool in computer and telecommunications. Unfortunately,
realistic features like finite capacities, retrials, priority, ... usually compli-
cate or prohibit analytic solutions. Numerical and approximate compu-
tations as well as simplifications and performance bounds for queueing
networks therefore become of practical interest. However, it is indispens-
able to delimit the stability domain wherever these approximations are
justified.

In this paper we applied for the first time the strong stability method
to analyze the stability of the tandem queues [M/G/1 — ./M/1/1]. This
enables us to determine the conditions for which the characteristics of the
network with retrials [M/G/1/1 — ./M/1/1], can be approximated by
the characteristics of the ordinary network [M/G/1 — ./M/1/1] (with-
out retrials).

Keywords: Queueing networks, tandem queues, Stability, Retrials,
Blocking, Markov chain.
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