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Abstract

In this note, we show that any continued fraction convergent of the
number e = 2.71828... can be derived by approximating some integral
Iy = 13{:”(1 — x)™e*dx (n,m € N) by 0. In addition, we present
a new way for finding again the well-known regular continued fraction
expansion of e.
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1 Introduction, Notations and the Result

Throughout this paper the expression “ To neglect a real number” will mean
to approximate that number by 0.

A way of obtaining good rational approximations of the number e consists
simply to neglect integrals of the form:

1
Lym = / "1 —x)"e"dx (n,m € N, sufficiently large) (1)
0

Actually, the neglect of such integrals is justified by the fact that 7, ,, tends to 0
as n and m tend to infinity. Indeed, by leaning on the Euler S-function, we have
for all n,m € N:

(n4+m+1)("m)’

n

1
In,mge/ "(l—x)"de=e-f(n+1,m+1)=
0
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which tends to 0 as n,m tend to infinity. Since I,,,, > 0, the claimed fact that
I,,.m tends to 0 as n,m tend to infinity follows.

For example, the calculation of I, gives: I = 14e — 38. So if we neglect I,
we obtain the approximation e ~ 1—79 which is a good rational approximation of e
since it is one of the convergents of its regular continued fraction expansion.

The purpose of this paper is essentially to show that any convergent of
the regular continued fraction expansion of the number e can be obtained by
neglecting some integral I,,,,. In addition, we present the paper in a way that
the well-known regular continued fraction expansion of e, which is discovered for
the first time by Euler (see e.g., [2]) and given by:

€= [27172717174717"'] - [2,{1,271,1}”21] (2)
will be proved again. Let us define:
e’ = [2, {1, 2”, 1}n21] (3)

At the end of the paper, we show that ¢’ = e which provides a new proof of (2).
Our main result is the following:

Theorem (the main theorem) Let n be a natural number and m be a
positive integer such that |n—m| < 1. Then the neglect of the integral
Ly = fol z"(1 — x)™e"dx is equivalent to approximate the number e by some
convergent of its continued fraction expansion.

Reciprocally, any convergent of the regular continued fraction expansion of e
can be obtained by neglecting some integral of the form I, ,, with n,m € N,
satisfying [n —m| < 1.

Now, we are going to give the result which details this theorem.

For all positive integer n, let Z—Z (with p, g, € N, ged(pn, ¢,) = 1) denotes the
n* convergent of the continued fraction expansion of ¢/. From (3), we have

e :=lay,as,...], where a; = 2 and

— 9%k
(Vk > 1), (4)
A3j+1 = A3k—1 = 1

Next, according to the elementary properties of regular continued fraction ex-
pansions (see e.g., [2]), we have:

(Vn > 3). (5)

Pn = QpPn-1 + Pn—2
On = GnQn—-1 + Gn—2

The details of the main theorem are given by the following:



Theorem 1 (detailing the main theorem) We have:

Iy = (—DFK! (g3k_16 — p3x_1) (VE>1) (6)
Inpy1 = (—1)kk! (g3kt1€ — P3kt1) (Vk € N) (7)
Dok = (=1 (gare — par) (Vk > 1). (8)

2 The Proofs

To prove Theorem [1, we need the following lemma:

Lemma 2 For all positive integers n, m, we have:

In,m - mIn,m—l_nIn—l,m (9)
[nfl,mfl = In,mfl_'_[nfl,m' (10)

Proof. Let us prove (9). By integring by parts, we have for all positive integers
n, m:

= [2"(1 —x)me"], — /0 (z"(1 —2)™) e*dx
= 0— /0 {nz" ' (1 —2)™ —m(l —2)" 2"} e"dx

1 1
= m/ 2"(1 —z)" tetdr — n/ 2" N1 — x)"e"dx
0 0
= m[n,m—l - n[n—l,ma

as required. Now, let us prove (10). For all positive integers n, m, we have:
1 1
Lym—1+Ino1m = / 2"(1 — x)™ e dx + / 2" (1 — x)"e"dx
0 0
1
= / 2" M1 —2)"  {r+ (1 —2)}e"dr
0
1
= / 2" N1 —2)" e dr
0

— ]n—l,m—la



as required. The lemma is proved. |

Now, we are ready to prove Theorem (1.

Proof of Theorem [1. We proceed by induction on & € N. For k = 0,1, we
easily check the validity of the relations of Theorem 1. Now, suppose that the
relations (6)), (7) and (8) of Theorem 1 hold for some k& > 1 and let us show that
they also hold for the integer (k + 1). Using Formula (9) of Lemma 2| together
with the induction hypothesis, we have:

Liviprn = (K1) (Iepre — o)
(k+1) {(_1)k+1k!(QSke — P3k) — (—1)k/€!(Q3k+1€ - p3k+1)}
(=D (& + 1)1 {(gsr + gsks1)e — (D3 + Parr1) } -

But according to (4) and (5), we have:

D3k + Dak1 = Dak+2 and  gsk + G3p+1 = Qa2

Hence:
Doviprr = (=D (k +1)! (gae06 — Parra) ,
which confirms the validity of Relation (6) of Theorem [I/ for (k + 1).
Next, by using Formulas (9) and (10) of Lemma 2 together with the induction
hypothesis, we have:

k+2) i1 e — (k4 1) I o

k4+2) 1541 — (K 4+ 1) (Lpgrr — Lotr1641)
2%+ 3) oo ks — (k4 D) eps

2k +3)(k + 1) (Lrs16 — Lops1) — (K + 1)1 k1

B 1) {2+ 8) g — 2K+ Dl |
B+ 1) {(25 + 3)(= 1) R (gne — pos)
—(2k +4)(~1) Rl garre — pursr)}
= (1 + D2k +8)(gsve = par) + (2 +4)(qrre — pon) |
= (=1 (k4 D (26 + 3)gse + (26 + i) e

— (2 + B)pse + 2k + Dpen) } (11)
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But, according to (4) and (5), we have:

D3k+4 = D3k+3 + P3k+2

((2k + 2)psg+2 + P3k+1) + (D3k+1 + P3k)
(2K + 2)p3iy2 + 2p3k+1 + D3k

= (2k + 2)(pskt1 + p3k) + 203611 + Pak
(2K + 3)psi + (2k + 4)p3p41

and similarly, we get:

Qakra = (2k + 3)qar + (2K + 4)qapt1.

It follows from (11) that:

Lisiksz = (=)™ (k4 1) (k146 — Dakra),
which confirms the validity of Relation (7) of Teorem (1l for the integer (k + 1).
Finally, by still using the formulas of Lemma 2/ together with the formulas for
Iii1+1 and Ijq o which we just proved above, we have:
Levorrr = Lrvrpsr — Itk
= (=1)""(k 4+ 1)!(gzhs26 — pars2) — (= 1) (k + 1) (gsksae — p3rta)
= (=)' (k+1)! {(QSk:-i-? — @3kta)e — (P3ks2 — P3k+4)} :

But since (according to (4) and (5)): ¢sk+4a = Qakis + Gskt2 and pspra =
D3k+3 + Pakse then it follows that:

Lz gerr = (=12 (k + 1) (gsrr3€ — Darrs),

which confirms the validity of Relation (8) of Theorem [1/ for the integer (k +1).
The three relations of Theorem 1/ thus hold for (k + 1). The proof of Theorem
1/is complete. u

Theorem [1/ permits us to establish a new proof for the fact that the regular
continued fraction expansion for the number ¢ is given by (2).

A new Proof of (2). Relation (6) of Theorem 1 shows that for all positive
integer k, we have:

' P3k—1 ’[k:k’
6_—
q3k—1 Flgsi—1
L ince I, . > 0 and 7 12
< =4 (since Iy, > 0 and gax—1 € Z7,) (12)



Next, by using the simple inequalities z(1 — z) <
have for all positive integer k:

% and e* <e (Vz € [0, 1]), we

It follows by inserting this in (12) that:

e

P3k—1
e— — Vk>1
‘ Gze—1| — 4FK! (k1)
which shows that pg: L tends to e as k tends to infinity. But since 23:=L p3’“ - represents

the (3k — 1)t convergent of the regular continued fraction expan5|on of ¢/, we

have on the other hand limy,_, p?’“ L = ¢’. Hence e = ¢/, which confirms (2).

q3k—1
|

3 Remarks about the analog of the main
theorem concerning the number 7w

The analogs of the integrals [, ,,, whose the neglect leads to approximate
the number 7 by the convergents of its regular continued fraction expansion are
not known in their general form. However, for the particular famous approxima-

tion 7 ~ 22, Dalzell [1] noticed that

So the neglect of the later integral leads to the Archimedes approximation 7 ~ 272

For some other continued fraction convergents of m (like 322 353 ) ‘| ucas [3]
experimentally obtained some integrals having the form:

/1 "(1 —x)™(a + bz + ca?)
0 1+ 22

dx (n,m,a,b,c €N)

whose the neglect leads to approximate m by those convergents.
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